Abstract. We introduce a combination of fixed point Floer homology and symplectic homology for Liouville domains. As an application, we detect non-trivial elements in the symplectic mapping class group of a Liouville domain.
Introduction
The aim of this paper is to introduce Floer homology for symplectomorphism of a Liouville domain. The Floer homology group is associated to a Liouville domain (W, λ), a symplectomorphism φ : W → W, that is equal to the identity near the boundary, and an element −∞ < a ∞, called the slope. One should think of the groups HF * (φ, a) as an extension to the Liouville domains of the Floer homology groups in [11] . On the other hand, these groups also generalize symplectic homology [12, 13, 9, 10, 21] , in that SH(W ; Z 2 ) = HF (id, ∞).
As an application, we detect non-trivial elements in the symplectic mapping class group π 0 Symp c (W, dλ), i.e. the group of isotopy classes of symplectomorphisms of (W, dλ) which are equal to the identity near the boundary. Theorem 1.1. Let (W, λ) be a Liouville domain with connected boundary such that the Reeb flow of (∂W, λ| ∂W ) is 1-periodic. If (1.1) dim H(W, ∂W ; Z 2 ) < dim SH(W ; Z 2 ), then the fibered Dehn twist (see Definition 3.1 below) represents a class of infinite order in π 0 Diff c (W, dλ).
In fact, we will prove the stronger result which asserts that a positive loops of strict contactomorphisms of ∂W induces an element of infinite order in π 0 Symp c (W, dλ) under the assumption (1.1) (see Theorem 4.13) . Special cases of Theorem 1.1 include the squares of the Dehn-Seidel twist on T * S n and their extensions to the cotangent bundles of other symmetric spaces (see Corollary 4.5 in [19] ).
The Floer homology groups HF * (φ, a) are invariant under compactly supported isotopy of φ. However, they depend strongly on the slope a, a fact that will play a central role in the proof of Theorem 1.1. The construction of our Floer Homology groups relies on a new variant of the standard action functional, which is adapted to the setting of twisted loops associated to exact symplectomorphisms (see section 2.2).
For a > 0 small, the group HF * (φ, a) has already appeared in the work of Seidel ([20] ) and McLean ( [14] ). After the first version of this paper was written, the paper [18] by Seidel was posted on the ArXiv. That paper has an overlap with the current paper in that it independently introduces a version of fixed point Floer homology for exact symplectomorphisms that is very similar to the theory developed in the present paper.
The paper is organized as follows. Section 2 introduces the general set-up and defines the Floer homology groups. Section 3 is devoted to Theorem 1.1 and its applications. Section 4 proves an extension of Theorem 1.1 to a more general setting (Theorem 4.13).
1.1. Notation and conventions. Throughout, (W, λ) is a Liouville domain with connected boundary M := ∂W, symplectic form ω := dλ, and induced contact form β := λ| M on the boundary. The associated Reeb vector field is denoted by R β , the Reeb flow by σ β t , and the contact distribution by ξ β . By definition of Liouville domain, the Liouville vector field X λ (defined by X λ dλ = λ) points out on the boundary. It can be used to identify a neighbourhood of the boundary with the product M × (0, 1] with the Liouville form rβ (where r is real coordinate).
The completion W is obtained by
where ∼ stands for the above mentioned identification. With a slight abuse of notation, the Liouville form on W is also denoted by λ. We identify W and M × (0, ∞) with the appropriate regions in W . We say that a statement is true in W "near infinity" if it holds in the complement of a compact subset. A function H : W → R and its Hamiltonian vector field X H are related by dH = ω (X H , ·) . The Hamiltonian isotopy associated to a time-dependent Hamiltonian function H : R × W → R will be denoted by ψ H t . It is defined by ∂ t ψ H t = X Ht • ψ H t , ψ H 0 = id, where H t := H(t, ·). An almost complex structure J on W is ω-compatible if ω(·, J·) is a Riemannian metric.
We denote by Symp c (W, ω) the group of symplectomorphisms of W compactly supported in the interior of W, and by Cont(M, ξ β ) the group of co-orientation preserving contactmomorphisms of M.
for all x ∈ M and all r ∈ (0, ∞) large enough.
Proof. There exists r 0 ∈ (0, ∞) such that the restriction of φ to M ×(r 0 , ∞) is a λ-preserving
for (x, r) ∈ M × (r 0 , ∞). Since φ preserves λ and ω, it preserves the vector field X λ = ∂ r , for it is characterized by the relation X λ ω = λ. Thus, φ commutes with the flow of ∂ r , i.e.
(σ(x, r + t), g(x, r + t)) = (σ(x, r), g(x, r) + t).
This implies that σ(x, r) does not depend on r. The map σ(·, r), denoted by φ M , is a contactomorphism, because
and r g(x,r) is a positive function. Another consequence is that r g(x,r) =: f (x) does not depend on r. Hence, the proof is finished. Definition 2.3. In the view of Lemma 2.2, one can associate a contactomorphism φ M : M → M to every exact symplectomorphism φ : W → W . This gives rise to the homomorphism
which we call the ideal restriction map. Definition 2.4. A real number a is called admissible if it is not a period of a Reeb orbit of (M, β).
Floer data for φ is a pair (H, J) of a (timedependent) Hamiltonian H t : W → R and a family J t of ω-compatible almost complex structures on W satisfying the following conditions. H and J are twisted by φ, i.e.
In addition, the conditions below hold near infinity
where a ∈ R is admissible. If we want to specify the slope, we say "(H, J) is Floer data for (φ, a)." Remark 2.6. Condition (2.6) together with ω-compatibility of J t implies that J t | ξ β is a compatible complex structure on the symplectic vector bundle (ξ β , dβ) → M. 
Lemma 2.9. The critical points of the action functional A φ,H are Hamiltonian twisted loops, i.e. the elements of the set
Proof. Let γ ∈ Ω φ and let ζ ∈ T γ Ω φ . This means ζ is a section of the vector bundle γ * T W such that dφ(ζ(t + 1)) = ζ(t). The derivative of A φ,H at the point γ in the direction ζ is given by
where γ s is a smooth family of twisted loops satisfying
(2.8)
In the last equality, we used the identity
Since (2.8) holds for all ζ ∈ T γ Ω φ , we have dA φ,H (γ) = 0 if and only ifγ(t) = X Ht (γ(t)) for all t.
If J satisfies (2.4), then we can define a Riemannian metric on Ω φ by
The negative gradient flow lines of A φ,H with respect to this inner product are solutions u : R 2 → W of the Floer equation
satisfying the following periodicity condition (2.10) φ • u(s, t + 1) = u(s, t).
Grading.
Definition 2.10. Let H i , i = 0, 1 be two Hamiltonians nondegenerate with respect to φ and satisfying (2.3), let γ i ∈ P(φ, H i ), i = 0, 1 be twisted loops representing the same class
We choose a symplectic trivialization T s,t :
The relative Maslov index of u is the number
, for i = 0, 1. It does not depend on the choice of trivialization.
We need the notion of a mapping torus in order to define the relative Maslov index for the pair (γ 0 , γ 1 ) (independent of the choice of homotopy u).
Definition 2.11. The mapping torus of φ is a fibration p φ : W φ → S 1 defined by
Denote the vertical tangent bundle of W φ by T V W := ker dp φ → W φ .
The symplectic form ω on W makes T V W into a symplectic vector bundle. A loop in Ω φ , seen as a map
, can be identified with the map
Let θ ∈ π 0 Ω φ . Associated to it is the minimal Chern number N θ . It is defined as the minimal positive generator of the group
We define the minimal positive generator of trivial group to be ∞, and Z ∞ := Z.
Definition 2.12. The relative Maslov index for a pair (γ 0 , γ 1 ) ∈ P(φ, H 0 ) × P(φ, H 1 ) of twisted loops representing the same class θ ∈ π 0 Ω φ is the number 
In addition, there exists r 0 ∈ (0, ∞) such that G s,t (x, r) = 0, H s,t (x, r) = a(s, t) and the conditions (2.6) and (2.7) hold for J s (x, r), for all s, t ∈ R, r r 0 , x ∈ M and some smooth function a : R 2 → R that is increasing with respect to s (i.e. ∂ s a(s, t) 0). Finally,
14. We can find continuation data from (H − , J − ) to (H + , J + ) whenever the slope of H − is less or equal to the slope of H + . Definition 2.15. Let H s,t , G s,t and J s,t be as in Definition 2.13. The energy of a solution u :
satisfying periodicity condition (2.10) is defined to be
Lemma 2.16. Let φ, H ± , J ± , H s , G s , J s be as in Definition 2.13, let γ ± ∈ P(φ, H ± ) and let u : R 2 → W be a solution of (2.13), (2.10) such that lim s→±∞ u(s, t) = γ ± (t). Then,
(2.14)
Here, {G s,t , H s,t } := ω(X Gs,t , X Hs,t ) stands for the Poisson bracket.
Proof.
We denote the first three terms in the last line of (2.15) by ①, ②, and ③, respectively. By applying the Stokes theorem and using φ • u(s, 1) = u(s, 0), we get
(2.17)
The lemma follows by substituting ①, ②, and ③ in (2.15).
Lemma 2.17. Let H s,t , G s,t and J s,t be as in Definition 2.13, and let u : U → M × (r 0 , ∞) be a solution of (2.13), where U ⊂ R 2 is open and connected. Then, r • u has no local maxima unless it is constant.
Proof. See page 20.
2.5. Chain complex. The theorems in this and the next section are proven by standard arguments.
be regular Floer data for φ and let γ − , γ + ∈ P(φ, H). Then, the set
is a manifold (possibly empty or with connected components of varying dimensions). The connected component containing u 0 has dimension equal to µ(u 0 ). The quotient of the
Theorem 2.19. In the situation of Theorem 2.18, the set M 1 (φ, H, J, γ − , γ + ) is finite. Its cardinality modulo 2 is denoted by n(φ, H, J, γ − , γ + ).
is a Z 2N θ -graded chain complex (see page 6 for the definition of N θ ), where
and ∂ = ∂ H,J is defined by
We denote the homology of this complex by
Note that the grading depends on the choice of γ 0 .
Remark 2.21. Since the action functional decreases along solutions of the Floer equation, the graded group CF <c * (φ, H, J, θ) generated by the elements of
is a subcomplex.
2.6. Continuation maps.
and (H β , J β ) be regular Floer data for φ, and let γ α ∈ P(φ,
is a manifold (cut out transversely by the Floer equation). The connected component con-
Theorem 2.23. In the situation of Theorem 2.22, the set
Theorem 2.24. Let φ, H α , H β , H s , G s , J α , J β , J s be as in Theorem 2.22. Then, the linear map
induces a homomorphism on homology (denoted by the same letter). The homomorphism
is independent of slope-increasing homotopy. Moreover, it satisfies the composition formula
and (H β , J β ) are regular Floer data for φ, and H α , H β have the same slope, then
Given −∞ < a ∞. Consider the subset D(a) of all regular Floer data (H, J) with the slope of H less that a. D(a) is a directed set with preorder given by
The groups HF * (φ, H, J, θ) together with the homomorphisms Φ αβ form a directed system of groups indexed by the set D(a).
Definition 2.26. Let φ ∈ Symp c (W, λ/d) and let −∞ < a ∞. The slope-a Floer homology for symplectomorphism φ is defined by
We also define
Remark 2.27. Lemma 2.16 implies the existence of the continuation map
whenever H α H β (see also Remark 2.21).
Lemma 2.28. Let a 1 and a 2 be such that all numbers in the interval [a 1 , a 2 ] are admissible. Then 2.7. Naturality. Let {ψ t } t∈R be an isotopy of W , let H : R × W → R : (t, x) → H t (x) be a smooth function, and let {J t } t∈R be a family of almost complex structures on W . We define ψ * H to be the smooth function
and ψ * J to be the family {ψ * t J t } t∈R . Let φ : W → W be a diffeomorphism. Assume that the isotopy ψ satisfies
is well defined. It induces the bijection
is an isomorphism of chain complexes. Note that this isomorphism does not preserve the grading. However, the relative index is preserved.
Proof. Since K is twisted by φ, the Hamiltonian isotopy
at (x), r) for some real number a. Hence, ψ K t preserves ξ β , R β , and r. Therefore, the conditions on G and J near infinity are met. It is easy to check that γ is an element of P φ,H if, and only if, ψ K * γ is an element of 
Now, we show that both complexes CF (φ, H, J, θ) and CF φ • ψ K 1 , G, J , ψ K * θ are graded by the same group, i.e. we show
induces a symplectic vector bundle isomorphism
, ψ K * θ) and π 1 (Ω φ , θ). Hence, the groups
Finally, let γ 0 , γ 1 ∈ P θ φ,H and let u : R × R → W be a homotopy between them as in Definition 2.10. Then,
, and
Therefore µ(γ 0 , γ 1 ) = µ ψ K * γ 0 , ψ H * γ 1 , and the proof is finished.
Remark 2.30. The isomorphism N (K) from Lemma 2.29 induces an isomorphism on the homology level. That isomorphism will be denoted the same, i.e. by
Lemma 2.31. Let φ ∈ Symp c (W, λ/d), let (H α , J α ), (H β , J β ) be regular Floer data for φ with the slope of H β greater or equal to the slope of H α , let θ ∈ π 0 Ω φ , and let K be a Hamiltonian satisfying conditions (2.3) and (2.5) such that ψ K 1 ∈ Symp c (W, λ/d). Then, the following diagram commutes
Proof. The proof is analogous to the proof of Lemma 2.29. The key ingredient is the following fact. The correspondence u ↔ (ψ K ) * u is a bijection between the sets of solutions of the appropriate s-dependent Floer equations. Here,
Remark 2.32. Let φ ∈ Symp s (W, λ/d), let a ∈ (−∞, ∞] and let K t : W → R be a Hamiltonian such that K t • φ = K t+1 , K t (x, r) = rk, k ∈ R near infinity, and such that 
Proof. Proof by straightforward computation.
The following lemma will not be used in the rest of the paper. It shows what happens to the value of the Action functional at the Hamiltonian twisted loops when a Naturality isomorphism is applied.
Lemma 2.34. Let H satisfy (2.3) and be equal ar + b near infinity, and let (φ, G) be admissible. If γ ∈ P(φ, G), then
Step 1. The statement is true for G = H. In this case, γ is a constant map γ ≡ x, and γ(t) = ψ H t (x). Hence (because γ * λ = 0), the left hand side of (2.22) is equal to
Step 2. Proof of the lemma. We apply step 1 to pairs (φ, G) and 
. This Hamiltonian generates the isotopy φ
Lemma 2.36. Any path φ t ∈ Symp c (W, λ/d) is a Hamiltonian isotopy generated by a Hamiltonian compactly supported in W − M.
Proof. Let X t be a vector field of φ t . For simplicity, we denote F φt by F t . By applying Cartan's formula on
, and the proof is finished. The isomorphism depends only on the homotopy class of the isotopies between φ 0 and φ 1 .
Proof. The existence of the isomorphism follows from the discussion above (the proof is the same as in [11] (Theorem 3.3) ). Lemma 2.38 below proves that the isomorphism depends only on the homotopy class of the isotopies between φ 0 and φ 1 .
Lemma 2.38. Let φ ∈ Symp c (W, λ/d), let θ ∈ π 0 Ω φ , let (H, J) be admissible Floer data for φ, and let K t : W → R be a compactly supported Hamiltonian such that K t • φ = K t+1 and such that it generates a loop of Hamiltonian diffeomorphisms that is contractible in the group of all Hamiltonian diffeomorphisms compactly supported in W − M. Then, the naturality isomorphism
coincides with the continuation morphism (which is well defined since H and (ψ K ) * (H −K) have the same slope).
Proof. By the assumptions, there exists a family ψ s,t : W → W of Hamiltonian diffeomorphisms compactly supported in W − M such that ψ s,0 = ψ s,1 = id, for all s ∈ R, and such that
We extend ψ s,t to an R × R-family by requiring that it satisfies the following periodicity condition
Note that ψ s,t = ψ K t for s >> 0 holds after the extension as well. Let γ α , γ β ∈ P θ (φ, H).
see the beginning of section 2.7). The former is empty unless γ α = γ β , and in that case, it consists of a single element, namely (s, t) → γ α (t) (the reason for this is that (H, 0, J) is independent of s). Hence
and this proves the lemma.
Applications to symplectic isotopy problem
Definition 3.1.
[ [19, 8] ] Assume the Reeb flow of (M, β) is 1-periodic. Let v : R → R be a smooth function which is equal to 0 on (−∞, 0) and −1 on (0.95, +∞). The right-handed fibered Dehn twist is an element τ of Symp c (W, ω) defined by
The isotopy class of τ does not depend on the choice of v.
Remark 3.2. The fibered Dehn twist from Definition 3.1, is a time-1-map of the Hamiltonian 
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Lemma 3.3 (Giroux). The inclusion
is a homotopy equivalence.
Proof (following [8] ). We construct a homotopy inverse of j as follows. Let Y φ , φ ∈ Symp c (W, ω) be a vector field on W defined by
Since Y φ is compactly supported in W − M, the flow ψ φ t of it is well defined. We denote by T the map
. First, we prove that T is well defined, i.e. that T (φ) ∈ Symp c (W, λ/d). Note that ψ φ t =: ψ t is a symplectomorphism for all t ∈ R and that it preserves the form λ − φ * λ. Using Cartan's formula, we get
This implies that
is an exact form. Now, we prove that j • T and T • j are homotopic to the identity. The homotopies are given by
In what follows, we check that the latter is well defined. Similarly as in (3.26), we get
The both forms in the brackets (on the right-hand side of the equation above) are exact: the latter because of φ ∈ Symp c (W, λ/d), and the former because of (3.25) in addition.
Proof of Theorem 1.1. Remark 3.2 implies that the ℓ-th power of the fibered Dehn twist τ ℓ is the time-1 map of a Hamiltonian K : W → R that is equal to ℓr near infinity. The naturality provides us with the isomorphism
for all a ∈ R. On the other hand, if we assume that τ ℓ represents trivial class in π 0 Symp c (W, ω), by Lemma 3.3 and Theorem 2.37, we have
From (3.27) and (3.28), we get (3.29) HF (id, a) ∼ = HF (id, a + ℓ).
(In general, the isomorphism (3.29) preserves neither the grading nor the class in π 0 Ω φ .) Since lim
For ε > 0 small enough,
This finishes the proof. 
Proofs can be found in [22] , [1] , [15] , and [2] .
Example 3.5. The manifolds S m+1 , CP m , HP m , CaP 2 , m 1 (with rescaled standard metrics) have 1-periodic geodesic flows. The homologies of their loop spaces are explicitly computed in [25] , and they turn out to be infinite dimensional in Z 2 coefficients. Hence Theorem 1.1 implies the non-triviality of the powers of the corresponding fibered Dehn twists.
The following lemma is inspired by Lemma 10.2 in [7] . It proves that many of the symplectomorphisms mentioned in Example 3.5 are smoothly isotopic to the identity. Lemma 3.6. Let (M, g) be a Riemannian manifold admitting almost complex structure such that the geodesic flow restricted to SM is 1-periodic. Then, the square of it is trivial in π 1 (Diff(SM )).
Proof. Let γ ξ be the unique geodesic of M such thatγ ξ (0) = ξ ∈ T M. The (restriction of the) geodesic flow is given by
An almost complex structure J on M provides the homotopy 
Here, h t := h(t, ·). We denote by f h t the positive function M → (0, ∞) defined by (σ h t ) * β = f h t β. Lemma 4.2. Let h : M → R be a contact Hamiltonian. Then,
Proof. The lemma follows from straightforward computation. Floer data for (φ, h) consists of a (time-dependent) Hamiltonian H t : W → R and a family J t of ω-compatible almost complex structures on W satisfying the following conditions. H and J are twisted by φ, i.e.
In addition, H t (x, r) = rh t (x) near infinity and the almost complex structure (ψ H t ) * J t satisfies conditions (2.6) and (2.7) near infinity. We will refer to the (time-dependent) contact Hamiltonian h as the slope of H. Regular Floer data for (φ, h) is defined in analogy to Definition 2.7.
Lemma 4.5. Let h t : M → R be a contact Hamiltonian, let H t := rh t : M × (0, ∞) → R, let J t be a family of almost complex structures on M × (0, ∞) such that (ψ H t ) * J t satisfies conditions (2.6) and (2.7), and let
has no local maxima in U unless it is constant.
Proof. Note that, under conditions of the lemma, (ψ H t ) −1 • u is a holomorphic curve with respect to the (family of) almost complex structure (ψ H t ) * J t . Lemma 4.8 below implies the maximum principle for r • (ψ
Hence, the proof is finished.
Remark 4.6. Let h, H, J, u, v, g be as in Lemma 4.5. Assume, in addition, that H, J and u are 1-periodic with respect to t and that σ h 1 is a strict contactomorphism. Then, the function gf Remark 4.7. Let φ ∈ Symp c (W, λ/d), and let h : M → R be an admissible slope. The groups {HF * (φ, H, J)} (H,J) with slope of H equal to h are naturally isomorphic to each other (via continuation maps). Hence, the group HF * (φ, h) is well defined. This is consistent with the theory developed in Section 2, i.e. if we take h to be constant we get the group considered in Section 2. Note, however, that we are not defining Floer Homology for non-admissible slopes here, whereas we did so in case of constant slopes.
Lemma 4.8. Let h s,t : M → R be a family of contact Hamiltonians (s, t ∈ R) such that dh s,t (R β ) = 0, let H s,t : M × (0, ∞) → R be a Hamiltonian and J s,t a family of almost complex structures on M. Assume that
and that J s satisfies conditions (2.6) and (2.7) for each s ∈ R. Let U be an open connected subset of R 2 . If the map
is a solution of the Floer equation
and if
then g has no local maxima in U unless it is constant.
Proof. We mimic the proof of Proposition 4.1 in [23] . For simplicity, we denote Y hs,t by Y s,t . The condition dh s,t (R β ) = 0 is equivalent to
It is not difficult to see that
for (x, r) ∈ M × (r 0 , ∞). Using the Floer equation and the splitting ∂ r ⊕ R β ⊕ ξ of T (M × (r 0 , ∞)) , we get that v and g satisfy the following system of partial differential equations.
where π β stands for the projection T M → ξ β (along the Reeb vector field). Remark 2.6 implies Proof of Lemma 2.17. The lemma is a special case of Lemma 4.8 where h s,t (x) = a(s, t).
Remark 4.9. Let φ ∈ Symp c (W, λ/d) and let h t , h ′ t : M → R be two admissible contact Hamiltonians such that h t h ′ t and dh t (r β ) = 0 = dh ′ t (R β ) for all t. Using Lemma 4.8, one can construct the continuation map
The author is, however, not able to prove the existence of the continuation map without the assumption dh t (r β ) = 0 = dh ′ t (R β ) for all t. 4.2. A homotopy long exact sequence. In this section, we describe a long exact sequence due to Giroux [8] , which provides us with further examples of elements in Symp c (W, ω).
Let for (x, r) ∈ M × (0, ∞) and H t ≡ 0 elsewhere. The Hamiltonian isotopy ψ H t : W → W consists of exact symplectomorphisms such that Θ(ψ H t ) = σ t . In particular, Θ(ψ H 1 ) = σ, and the lemma is proved.
The following theorem follows from the results in [6] . Proof. Without loss of generality, we may assume σ = σ 1 , where σ t : M → M is a family of strict contactomorphisms with σ 0 = id that is generated by 1-periodic vector field Y t on M. Let H t : W → R be a Hamiltonian such that Θ(ψ H t ) = σ t . Its existence follows from the proof of Lemma 4.18. Moreover, H t is equal to rh t near infinity, where On the other hand, for each a ′ ∈ R, there exist a, a ′′ ∈ R such that a ′ h(x) + a a ′′ , for all x ∈ M. Therefore 
